In this paper we discuss conditions under which the composite function of two functions of bounded d variation is also of bounded d variation.
INTRODUCTION

Camille
Jordan (1838-1922) introduced the class of all functions of bounded variation, and classed them as differences of non-decreasing functions. These functions play a central role in many investigations, notably in studies of rectifiability and in studies into fundamental questions involving integrals and derivatives. They also lead to natural generalizations in the abstract studies of measure and integration. Today, many text books in real analysis cover them in relation to the Riemann-Stieltjes integrability of a real valued function f defined on the closed interval [a,b] . [1] [2] [3] By considering these functions, we see that for the Euclidean metric d E , the bounded d E variation is invariant under arithmetic operations +, -, and ×; that is, the arithmetic operations +, -, and × with two functions f and g of bounded variation on [a,b] with respect to the Euclidean metric d E give functions f ± g and f ×g of bounded variation of [a,b] with respect to the same metric. (N.B. The bounded d E variation is not invariant under the arithmetic operation ÷ because in the division case the denominator function may not be far from zero; that is, 0 ( ) − ∈ g Im and consequently the function 1÷g is unbounded on [a,b] and so is not a bounded variation on [a,b] .) As we have seen before, the results of a composition are always studied and discussed along wit the results of arithmetic operations +, -, ×, and ÷ in subjects like continuity, differentiability and integrability [4] . In this paper, Chistyako . In particular, for the case
E the results and the above mentioned results on arithmetic operations +, -, ×, and ÷ make a consistent and complete discussion of all primary operations of functions in the subject of functions of bounded d E variation versus the consistent and complete discussion of all primary operations of function of continuity, differentiability and integrability of functions.
For the Euclidean metric d E case, it is showed that despite the arithmetic operations +, -, and ×, and similar to the arithmetic operation ÷, bounded d E variation is not invariant under the composition operation. In the first two theorems, some conditions of tow functions of bounded d E variation are represented that imply their composite function is also of bounded d E variation. By considering a general metric d instead of d E , in the third theorem a necessary and non-sufficient condition of the metric d is stated to have the property of the invariance of bounded d variation under the composition operation. The last theorem deals with determining a category of metrics d that have the property of the invariance of bounded d variation under composition.
II. PRELIMINARIES
The reader who has studied the concept of functions of bounded variation should be well acquainted with the following definitions and results. For an essential account of the theory of function of bounded variation with respect to a metric d, see reference [5] . In the discussion throughout this paper it is assumed that the metric d is considered as a real-valued function from
Furthermore, it is taken for granted that both functions f and g are defined on bounded closed intervals in the real line. For the Main Results some notations and definitions are needed. We denote the set of all Partitions of [a,b] by P . That is, The following corollary is a straightforward generalization of Theorem 6.3.6 of reference [1] (page 321). 
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III.
MAIN RESULTS
In this section we intend to show that the metric d plays an important role in boundedness of total variation of composite functions. At this stage we mention that all theorems below with respect to metric d are valid with little changes for all Lipschitz equivalent metrics with d (see Proposition 2) .
We begin with the rather concrete
To have a similar theorem to the theorems of arithmetic operations +, -, and ×, we naturally expect to give an affirmative answer to the following question. ( ) 
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Then the composite function is 
,
Hence, we can write:
Now equations (4) and (5) give
Taking summation on these inequalities implies:
Therefore by considering equation (1) 
Proof. By means of Corollary 4 of reference 7 (page 142), for every x, y ∈ (c,d): 
) ( ) we have a contradiction to the assumption that the metric d has the IBVCO property.
As the first remark, we point out that Theorem 3 gives merely a necessary condition on having the IBVCO property. For example, define a metric 
